Solutions to Exam 3, Math 10560
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1. Compute the following limit: lim

n—oo n2

-1 i 1 -1 1
Solution: Note — < szn < —. Both ol and — tend to zero as n tends to
n? n n?
infinity. So by taking the limits of the boundlng functions and using the Squeeze
sinn
=0.

Theorem, we get lim
n—oo

3n?(n — 2)!
2. Compute the following limit lim M
Solution: Note
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3. Does the series Z —1 converge or diverge? If it converges, compute its value.
T

Solution: Note

i3+2”_ Z3+2 Z( ) 1°°3+1°° "
= it — N2 LN 2
n=0 ™ 7TnzO 7TnzO ™ 71—n:O ™
The two sums are both geometric series, the first with a = 3 and |r| = |1/7| < 1
and the second with @ = 1 and |r| = |2/n| < 1. Hence each series converges and

our splitting the series into two was valid. Moreover

4. Which of the following statements are true about the series Z - Ti;;l\f 7

. , . n?+1
I. This series converges because lim —————= = 0.
n—oo pb — n2y/3

II. This series converges by Ratio Test.
o0

1
III. This series converges by Limit Comparison Test against the p-series E —.
n
n=1



Solution: Look at each part.

n2+1

I. Although lim —————= = 0, we cannot conclude anything from this. (This
n—oo nd — n2\/§
is using the Test for Divergence which is inconclusive here.)
(n+1)2+1
. an+t1 . (n+1)5—(n+1)2v/3 . n? +2n +2 n® —n?V3
II. lim = lim o] = lim 5 . 71
n—oo | Qp n— 00 m nﬂoon+...+1f\/§ n< +
= lim M’ = 1; this is the one situation in which the Ratio Test is
n—oo | nT4-+1-v3
inconclusive.
1 5 2 s
: 5 . ond—n?/3 . : . 1
I11. 11113;0”27“ = nh—{gom =1, so by (limit) comparison with Z e
n5—n2./3 n=1

the series converges.
Therefore only III is true.

cos(2n)

ROBERE Which one?

oo

. One of the statements below holds for the series Z

n=1
(a) This series is absolutely convergent by Comparison Test.
(b) This series is conditionally convergent.
(c) This series converges by Alternating Series Test.
(d) This series diverges by Ratio Test.
(

e) This series diverges because nh_)rglo % is not 0.
1 2 1
Solution: Note |cos(2n)| < 1 and |———| < —; for all n; thus CO;( n) < — for
n*+1 n n®+1 n
=1 >, |cos(2n)
all n. Since nEZI ) converges as a p-series with p =2 > 1, so does ng_l 21

by the Comparison Test. So the original series converges absolutely, and (a) is true.
The remaining statements are false: (b), because if the series were conditionally
convergent it would not be absolutely convergent; (c), because although the series
has positive and negative terms, it is not alternating, so the alternating series test
does not apply; (d), because the ratio test leads to a limit of 1, which is inclusive,
and (e), because the series converges, so the limit as n tends to infinity of the nth
term is 0.

o0
-1 n—1
. Which of the following statements are true about the series Z L

¢
n2

n=1
1. This series converges by the Alternating Series Test.
1I. This series converges by the Ratio Test.

I1II. This series converges absolutely.

Solution:



1 1
I. — is decreasing and lim — =0 so the Alternating Series Test says that

n2 n—oon2
o0 (_1)1171
E ———5— converges.
n
n=1
1 2
. An+1 . 1 . n .
I lim |2 = lim (nt) = lim 5| =1, so we get no conclusion
n—oo | an n—00 = n—00 (TL + 1)
n

from the Ratio Test.
(_1 n—1

III. Taking the absolute value of 5 results in a p-series with p =2 > 1, so

we conclude that the series converges absolutely.

So I and III are true, II is false.

o0

. Compute the radius of convergence of the power series Z 2"(x—1
n=1
Solution: Using the Root Test lim {/|2"(z — 1)2"| = lim [2(z — 1)?| = |2(z —
n—oo n—oo
V2 V2

1
12| Now [2(z — 1) <1= (Jz —1])* < g = lw—1l< 5 SoR=

The same conclusion could be reached using the ratio test.

)Qn'
2
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. Identify the Taylor Series of f(x) = sin(x) centered at a = 5 and its interval of
convergence.

Solution: Note
f(x) =sinz, f'(x) = cosz, f’(x) = —sinz, f(r) = —cosz, f"(r) = sinz, ...

SO
T ,E: ;/E:_ ///E:

(with the pattern 1,0, —1,0 repeating).

So the Taylor Series is:

S R TR o T
X (1) (g — T)2n
which in summation notation is Z (-1)"(= ' 2)
e (2n)!
Since
(_1)7L+1($_£)2(n+1)
lim |2 = fim Q)" = lim (z —5)" -0
n—oo | an n—00 <—1>"(é+'%>2" n—co | (2n + 2)(2n + 1)
mn).

regardless of the value of z, from the Ratio Test we conclude that the series con-
verges for all z (interval of convergence is (—o0, c0)).



9. The following is the fourth order Taylor polynomial of the function f(x) at a.

Ty(x) =10 + 5(z — a) + V3(z — a)? + %(I —a)® + 17e(z — a)*

What is f"(a)?

"
1
Solution: By the Taylor formula, we have / 3('a) =5 (which is the coefficient
! T
1-2-3 3
f (z —a)?) and h "(a) = = —
of (x — a)?) and hence " (a) o -

10. a) (5 pts) Give a power series representation for e®”.

Solution: Since the n-th derivative of e? is e® and € = 1,

PR S VAU NUE o N

Substituting =2 for =, we have

x? — 1 2n, 2, 1 4
e :Zﬁx =14z +§:1: 4+
n=0

b) (5 pts) Find the limit

e’ 1 — g2
lim
z—0 xt
Solution:
e —1-2 (I+a?+dat+iaS+)—1-22 lat+lab4... L1,
x4 N x4 N x4 26
So ,
i & 1 x? i 1+ 2 1
im————=lim-+ -2+ = —.
x—0 xd z—0 2 6 2
(This part could also be done using L’Hospital’s rule, but it would require multi-
ple iteratizons: lim, 0 e;# = lim,_.q % = lim, .o % = lim,_.q 2”51‘; =
limxﬂg % = % )
11. Consider the function f(z) = 57—

a) (4 pts.) Find the Taylor series of f(x) centered at 0.
Solution: We have

1 1 1 1 Ie= 3 \n = 3" .
2—3.%'_2(1—3 )_2<1_§$>_22(2w) _Z 2n+1$7

PR n=0 n=0

as long as |r| = |32] < 1.



12.

b) (3 pts.) Determine the radius of convergence of this power series.
Solution: From our knowledge of geometric series, the series converges if and

2
only if |r| = |32| < 1, which implies |z| < 2, and so the radius R is R = . One

can also arrive at this conclusion by using the Ratio Test or the Root Test.

c) (4 pts) Find a power series representation for m and give its radius of

convergence.
Solution: Differentiating the function in part a) and differentiating term by

term the corresponding power series representation found in part a), we get

3 > n3"
2322 Z onrit
n=1
Dividing both sides by 3, we get
1 a3t X (13,
(2 _ 31‘)2 - Z on+1 X = Z on+2 L
n=1 n=0

The radius of convergence of this series is 2/3, the same as that of the series in
part a).
You can also obtain the answer by squaring the power series found in part a):
11432+ (322 + (32)° + )1+ 3o+ (G2)” + G)° +--+) = 11+ 2(32) +
3(32) +4(32)3 +---).
d) (1 pt) What is the value of the series you found in part (¢) at x =1/2%
Solution: The value is given by
1
(2 -32)?

1
=—F7> =4.

1 (2-3(1)7

Find the interval of convergence of the following power series:
i (x 4+ 1)"
n=1 n

Solution: Using the Ratio Test

($+1)n+1 n
. n+1 — i —
tii e it A A
n

We want this to be less than one. So —1 < x + 1 < 1 which implies —2 < =z < 0.
Next, we need to check the end points.

o
—1)"
e xr = —2: We have Z g which converges by the Alternating Series Test.
n
n=1
[e.e]
™ . o
e x =0: We have Z which diverges because it is a p-series with p = 1.
n
n=1

Hence, the interval of convergence is [—2,0).



13. Use the Integral Test to determine whether the series
i In(n)
n3

n=2

1s divergent or convergent. You must show that the Integral Test can be used in
this situation.

Note: A correct answer with no work is worth only 8 points.

Hint: Use Integration By Parts.

d <ln(m)> _ 1-3In(a)

Solution: Note — 3 7 . This will be negative when the numer-
x x

dx
ator is negative, that is when

1
0>1—3ln(a:)<:>31n(:c)>1<:>ln(x)>§<:>a:>\S/E.

In(z)

This holds for z > 2, since 8 > e or 2 > /e. Therefore, 3
T

and continuous (since it is differentiable) for x > 2. We can use the Integral Test.

1 1 1
Next, we evaluate / n(z) dz. Let u = In(z) and dv = —dz. Then du = —dx
2 x T

is positive, decreasing

T3

x
and v = 5 Using Integration by Parts, we get

In(x) —Inx 1 Inx 1
dr = —dr=——— — — +C.
/ R FO R / 223 T T2 T T

So using the definition of an improper integral and L’Hépital’s Rule

* In(x) Int 1 In2 1 1 n2 1
de = lim (-5 ——5+—+—|=1lm | -L ] -0+ —"+—
/2 2 tiI?o< CTERRPTER +16> é%é( At TR 16

m2 1
8 16

The integral converges, therefore the series converges.



